
Physics 137B (Professor Shapiro) Spring 2010

GSI: Tom Griffin

Homework 10 Solutions

1. (a) s-wave scattering dominates when:

kR << 1

p = h̄k << h̄/R = h̄/(r0A
1/3) = 1.6× 10−20kgms−1

(that is, K.E. = p2/(2m) << 0.5MeV )

(b) We have that k =
√

2mE/h̄2 = 2.2 × 1014m−1 and R = r0(A)1/3 =

6.4 × 10−15m. For hard sphere potential scaterring, equation 13.82 of
the text applies:

δ0 = −kR = −1.4

σ0 =
4π

k2
sin2 δ0 = 2.5× 10−28m2

(c) From equation 13.79 of the text:

δ1 = tan−1(
j1(kR)

n1(kR)
) = −0.45

σ1 =
4π

k2
3 sin2 δ1 = 1.5× 10−28m2

So the p-wave term is approximately 0.6 of the s-wave term. Note the
s-wave term does not dominate since kR is not less than 1 here.

1



2. For this interaction:

f(θ) =
1

k
(eika sin ka+ 3ie2ika cos θ)

=
1

k
eika sin kaP0(cos θ) +

1

k
3ie2ikaP1(cos θ)

So f0 =
1

k
eika sin ka

(a)
dσ0
dΩ

= |f0|2 =
1

k2
sin2 ka

(b) k =
√

2mE/h̄2 = 2.5× 1011m−1 and a = 2× 10−15m and θ = 0.

So,

dσ

dΩ

∣∣∣
θ=0

= |f(θ = 0)|2 = |1
k

(eika sin ka+ 3ie2ika)|2

= |1
k

(sin ka+ 3i cos(ka)− 3 sin(ka))|2

=
1

k2
(4 sin2 ka+ 9 cos2(ka))

=
1

k2
(4 + 5 cos2(ka))

= 1.44× 10−22m2

and therefore

N =
dσ

dΩ

∣∣∣
θ=0
×dΩ×F = 1.44×10−22×4π×10−3×1018s−1 = 1.8×10−6s−1

3. The differential scattering cross-section for elastic scattering is given by:

dσ

dΩ
= (

m

2πh̄2
)2|Veff (q)|2
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where Veff (q) = L3 < f |V |i >. For this potential:

Veff (q) = L3 < f |V |i >

=

∫
d3re−ikf ·rV0e

−αreiki·r

=

∫
d3re−iq·rV0e

−αr

= 2π

∫ ∞
0

drr2
∫ 1

−1
d(cos θ)e−iqr cos θV0e

−αr

= 2π

∫ ∞
0

drr2
(e−iqr − eiqr)
−iqr

V0e
−αr

=
2πiV0
q

∫ ∞
0

drr(e(−iq−α)r − e(iq−α)r)

=
2πiV0
q

[(iq + α)−2 − (−iq + α)−2]

=
2πiV0
q

[
(−iq + α)2 − (iq + α)2

(q2 + α2)2
]

=
8πV0α

(q2 + α2)2

dσ

dΩ
= (

m

2πh̄2
)2| 8πV0α

(q2 + α2)2
|2

= (
4mαV0

h̄2(q2 + α2)2
)2

Since we have elastic scattering, kf = ki, and if we choose our coordinate
system so that ki lies along the z-axis, then

q2 = |kf − ki|2 = k2f + k2i − 2kfki cos θ = 2k2i (1 − cos θ) Therefore the total
cross section is:

σ =

∫
dΩ

dσ

dΩ
= 2π

∫ 1

−1
d(cos θ)(

4mαV0

h̄2(2k2i (1− cos θ) + α2)2
)2

= 2π(
4mαV0

h̄2
)2
∫ 1

−1
du(2k2i + α2 − 2k2i u)−4

= 2π(
4mαV0

h̄2
)2
[(2k2i + α2 − 2k2i u)−3

6k2i

]u=1

u=−1

= 2π(
4mαV0

h̄2
)2

1

6k2i

[ 1

α6
− 1

(4k2i + α2)3

]
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4. The differential scattering cross-section for elastic scattering is given by:

dσ

dΩ
= (

m

2πh̄2
)2|Veff (q)|2

where Veff (q) = L3 < f |V |i >. For this potential:

Veff (q) = L3 < f |V |i >

=

∫
d3re−ikf ·rV0e

−α2r2eiki·r

=

∫
d3re−iq·rV0e

−α2r2

= V0(

∫ ∞
−∞

dxe−iqxx−α
2x2)(

∫ ∞
−∞

dye−iqyy−α
2y2)(

∫ ∞
−∞

dze−iqzz−α
2z2)

= V0(

√
π

α
e−q

2
x/4α

2

)(

√
π

α
e−q

2
y/4α

2

)(

√
π

α
e−q

2
z/4α

2

)

= V0(

√
π

α
)3e−q

2/4α2

dσ

dΩ
= (

m

2πh̄2
)2|V0(

√
π

α
)3e−q

2/4α2|2

=
m2πV 2

0 e
−q2/2α2

4h̄4α6

=
m2πV 2

0 e
−k2i (1−cos θ)/α2

4h̄4α6

Therefore the total cross section is:

σ =

∫
dΩ

dσ

dΩ
= 2π

∫ 1

−1
d(cos θ)

m2πV 2
0 e
−k2i (1−cos θ)/α2

4h̄4α6

= 2π
m2πV 2

0 e
−k2i /α2

4h̄4α6
(
ek

2
i /α

2 − e−k2i /α2

k2i /α
2

)

=
m2π2V 2

0

2h̄4k2i α
4
(1− e−2k2i /α2

)

5. Equation 13.13 states:

tan θL =
sin θ

cos θ + τ
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and therefore:

cos θL =
cos θ + τ√

sin2 θ + (cos θ + τ)2
=

cos θ + τ√
1 + τ 2 + 2τ cos θ

d(cos θL)

d(cos θ)
=

1√
1 + τ 2 + 2τ cos θ

− (cos θ + τ)τ

(1 + τ 2 + 2τ cos θ)3/2

=
1 + τ cos θ

(1 + τ 2 + 2τ cos θ)3/2

Therefore,( dσ
dΩ

)
L

=
∣∣∣d(cos θL)

d(cos θ)

∣∣∣( dσ
dΩ

)
=

(1 + τ 2 + 2τ cos θ)3/2

|1 + τ cos θ|

( dσ
dΩ

)
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